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Abstract

Here we discuss some new results on Super Stolarsky-3 Mean Labeling of
graphs .In this paper, we prove that Cycle, Flag graph, Dumbbell graph and
Kayak paddle graphs are Super Stolarsky-3 mean labeling of graphs.
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1. INTRODUCTION

The graph considered here will be simple, finite and undirected graph G= (V, E) with
p vertices and g edges without loops or parallel edges. For all detailed survey of graph
labeling, we refer to J.A.Gallian [1]. For all other terminology and notations we
follow Harary [2].
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The following definitions are necessary for our present investigation.

Definition 1.1: Let G = (V,E) be a graph with p vertices and g edges.
Let f: V (G)—{1,2,.., p+q} be an injective function. For a vertex labeling f, the
induced edge labeling f* (e=uv) is defined by

() == [ \/f(u)2+f(u)3f<v) )2 l (on { \/f(u)2+f(u;f(V)+f(V)2 Then fis called a

Super Stolarsky-3 Mean labeling if f(V(G))u{f(e)/eeE(G)}={1,2,...,p+q}.
A graph which admits Super Stolarsky-3 Mean labeling is called Super Stolarsky-3
Mean graphs.

Definition 1.2: A closed path is called a cycle. A cycle on n vertices is denoted by C,,.

Definition 1.3: The Flag graph Flx is obtained by joining one vertex of Cn to an extra

vertex is called the root.

Definition 1.4: The Dumbbell graphs D(n,m) is obtained by joining two disjoint

cycles C,, and C,, with an edge..

Definition 1.5: Kayak Paddle KP (n,m,t) is the graph obtained by joining Cn and Cm
by a path of length t.

2. MAIN RESULTS

Theorem 2.1: Any Cycle is Super Stolarsky-3 Mean graph.
Proof: Here we consider two cases.
Case (i) nis odd

Let C, be the cycle of lengthnand u4,u,, ..., u, be the vertices and u,u,,
UjlUiso, 1=2,4,6,...,0n-3, Uy _1 Uy, UjU4,1=1,3,5,...,n-2 be the edges of C,,.

Define a function f:V(C,)—{1,2,..., p+q} by

f(u,) =2i, i=2,4,6,..,n-1.
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f(us) = f(u,) +4.
f(u;) = f(u;_,) + 4,i=5,7,9,...,n-2.
f(u,) =f(u,_1) +2.

Then the edge labels are distinct.

Case (ii) nis even

Let C, be the cycle of lengthnand u4,u,, ..., u, be the vertices and v, u,,
Uiliso, 1=2,4,6,...,0-2, Up_q Uy, Up_3Up_q, UiUirq,1=1,3,5,...,n-5 be the edges of
Cp-

Define a function f:V(C,)—{1,2,..., p+q} by

f(u,) =1.

f(u;) =2i, i=2,4,6,....n.

f(us) = f(u,) +4.

f(u;) = f(u;_,) + 4,i=5,7,9,...,n-1.
In this case also we get the edge labels are distinct.

Hence Cycle C,, is a Super Stolarsky-3 Mean graph.

Example 2.2:
The Super Stolarsky-3 Mean labeling of C,, is given below.

U1

N

us Us
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The following figure shows Super Stolarsky-3 Mean labeling of C; and Cg.

1 4 1 4

9 12

13 16
14

Figure: 1
Theorem 2.3: The Flag graph Fl, is Super Stolarsky-3 Mean graph if n > 3.
Proof: Let Fl, be a Flag graphs.
Here we consider two cases.
Case (i) nis odd

Let uy, uq, Uy, ..., u, bethevertices and u u,, u;u;,,, i=2,4,6,...,n-3, u,,_ Uy,
UjUi4o,1=1,3,5,...,n-2 , u,u, be the edges of FL,.

Define a function f:V(Fl,)—{1,2,..., p+q} by
f(u,) =1.
f(u;) =2i, i=24,6,...,n-1.
f(us) = f(u,) +4.
f(u;) =f(u;_,) + 4, i=5,7,9,...,n-2.
f(u,) = f(u,_,) +2.
f(uy) = f(u,) +2.
Then the edge labels are distinct.
Case (ii) n is even

Let uy, uq, Uy, ..., u, bethevertices and u u,, u;u;,,, i=2,4,6,....n-2, Uy, _1 Uy,
UjUi,,, 1=1,3,5,....n-3 , u,u, be the edges of Fl,.
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Define a function f:V(Fl,)—{1,2,..., p+q} by
f(u,) =1.
f(u;) =2i, i=24,6,...,n.
f(us) = f(u,) +4.
f(u;) = f(u;_,) + 4,i=5,7,9,....n-1.
f(uy) = f(u,) +2.

From Case (i) and case (ii), we conclude that Flag graph Fl,, is Super Stolarsky-3
Mean graph.

Example 2.4: Super Stolarsky-3 Mean Labeling of Flag graph Fl,, is given below.

8

12 5

14

Figure: 2
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Theorem 2.5: The Dumbbell graph D (n,m) is Super Stolarsky-3 Mean graph if n, m> 3.
Proof: LetD (n,m) bea Dumbbell graph. Consider the following cases.
Case (i) n is even and m is even

Let uy,uy,..,u, and vy, vy, ..., 1y, be the vertices and w,u,, w;u;;,, i=2,4,6,...,n-2,
Up_1Up, Willisn, i=1,3,5,....0-3 , u, vy, v1Vy, ViV, 1=2/4,6,...,0-2, V;v;,,,1=1,35,...,n-3,
Vp_1Vy, be the edges of D(n,m).

Define a function f:V(D(nm)) - {1,2,..., p+q} by
f(u,) =1.
f(u;) =2i, i=24,6,...,n.
f(us) = f(u,) +4.
f(u;) = f(u;_,) + 4,i=5,7,9,...,n-1.
f(v,) = f(u,) +2.
f(v,)=f(v,) +4.
f(v;)=f(v,) +3.
f(v,) =f(v,_,) + 4, i=4,5,6,7,....m-1.
f(v,)=f(v,_1) +4.
Then the edge labels are distinct.
Case (ii) n is odd and m is odd

Let uy,uy, .., u, and vy, vy, ..., 1y, be the vertices and u,u,, w;u;;,, i=2,4,6,...,n-3,
Up_1Up, Williyn, i=1,3,5,..0-2, w01, V1Vy, ViViy,, 1=2/4,6,...,0-3, V;v;,,,1=1,35,...,n-2,
Vn_1V, be the edges of D(n,m).

Define a function f:V(D(n,m)) - {1,2,..,p+q} by
f(u,) =1.
f(u;) =2i, i=2/4,6,...,n-1.
f(us) =f(uy) +4.

f(u;) = f(u;_,) + 4,1=3,5,7,9,....,n-2.
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f(u,) = f(up—1) +2.
f(v,) =f(u,) +2.
f(v,)=f(v,) +4.
f(vy)=f(vy) +3.
f(v;) =f(v;,_,) + 4, i=4,5,6,7,....m, i¥m-1
f(vy,-1)=f(v,,_3) +5.

Then the edge labels are distinct.

Case (iii) n is even and m is odd

Let uq,uy,...,u, and vy, vy, ..., vy, be the vertices and wu u,, w;u;y,,
i=2,4,6...,n-2, U, _1Uy,, UU;r, 1=1,3,5,...0-3,u, v, V1V, V;V;yq, i=2,4,6,...,n-2,
V;Vi;2,1=1,3,5,...n-3, v,_;v, bethe edges of D(n,m).

Define a function f:V(D(n,m)) - {1,2,..., p+q}by
f(u,) =1.
f(u,) =2i, i=2,4,6,....,n.
f(us) = f(u,) +4.
f(u;) = f(u;_,) + 4,i=5,7,9,...,n-1.
f(v,) = f(u,) +2.
f(v,)=f(v,) +4.
f(v;)=f(v,) +3.
f(v,) =f(v,_,) + 4, i=4,5,6,7,...m-2, i+ m—1.
f(vy—1)=f(v,_3) +5.

Then the edge labels are distinct.
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Case (iv) nis odd and m is even

Let uq,uy,...,u, and vy, v,, ..., v, be the vertices and u u,, u;ju;,o,
i=2,4,6,....n-3, Up,_Uy,, UjUj42,1=1,3,5,...n-2,u, v, V1Vy, V;Viy,, i1=2,4,6,...,n-3,
ViVis,,1=1,35,...,n-2, v,,_,v, be the edges of D(n,m).

Define a function f:V(D(n,m)) - {1,2,.., p+q} by
f(u,) =1.
f(u;) =2i, i=2,4,6,...,n-1.
f(us) = f(u,) +4.
f(u;) =f(u;_,) + 4,i=3,5,7,9,....n-2.
f(u,) = f(up—1) +2.
f(vy) = f(u,) +2.
f(v,)=f(v,) +4.
f(v3)=f(v;) +3.
f(v)) =f(v;_,) + 4, i=4,5,6,7,...m-1.
f(v,)=f(v,_,) +4. f(u;) =2i, i=2,4,6,....,n-1.

Then the edge labels are distinct.

From case(i),(ii),(iii) and (iv) we conclude that Dumbbell graph D(n,m) is
Super Stolarsky-3 Mean graph

Example 2.6: The Stolarsky-3 Mean labeling of D(n,m) is given below.

uz ua Vs

i

us
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Vs Vs
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The following figure shows the Stolarsky-3 Mean labeling of D(8,9) and D(5,6).

4 8 25

16 20
Figure: 3

Theorem 2.7: The Kayak Paddle graph KP (n,m,t) is Super Stolarsky-3 Mean
graph.

Proof: Let KP (n,m,t) be Kayak Paddle graph. Consider the following cases.
Case (i) n is even and m is even

Let uy,uy, ..., Uy, Vy,Vy, ..., Uy aNd wy, wy, ..., w; be the vertices and u,u,,
Uilisy, 1=2,4,6,...,0-2, Up_qUy,, UilUiLr, 1=1,3,5,...,0-3, u, vy, V1V, ViViyo,
i=2,4,6,...n-2, v;v;,,,1=1,3,5,...n-3, v,_1V,, w;_1w; , 1< i < t, be the edges of
KP(n,m,t).

Define a function f: V(KP(n,mt)) —{1,2,..., p+q} by

f(u,) =2i, i=2,4,6,...,n.
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f(us) = f(u,) +4.
f(u;) = f(u;_,) + 4,i=5,7,9,...,n-1.
f(wy) = f(u,)
f(w;) =f(w;_,) + 2,i=2,3,4,....t.
f(vy) = f(w,).
f(v,)=f(vy) +4.
f(v;)=f(v,) +3.
f(v,) =f(v,_,) + 4, i=4,5,6,7,....m-1.

f(vn)= f(Vm-1) +4.

Then the edge labels are distinct.

Case (ii) n is odd and m is odd

Let uq,u,, ..

yUp , V1, Vg, e, Uy @Nd Wy, Wy, ..., W, be the vertices and u,u,,

UiUjyo, 1=2,4,6,...0-3, Uy _1Uy, UilUiso, 1=1,3,5,...0-2, U,V , V1V, ViViss,
i=2,4,6,...,n-3, v;v;,,,1=1,3,5,...0-2, v,,_v, ,w;_1w;, 1< i < t, be the edges of

KP(n,m.,t).

Define a function f: V(KP(n,mt)) —{1,2,..., p+q} by

f(u,) =1.

f(u;) =2i, i=24,6,...,n-1.

f(us) = f(u,) +4.

f(u;) = f(u;_,) + 4,i=3,5,7,9,...,n-2.
f(u,) = f(u,_,) +2.

f(w,) = f(un)

f(w;) =f(w;_1) + 2,i=2,34,....t.
f(v,) = f(wy)

f(vy)=f(v,) +4.
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f(v;)=f(v,) +3.
f(v,) =f(v;_,) + 4, i=4,5,6,7,9,....m, i#m-1
f(v,,_1)=f(v,,_3) +5.

Then the edge labels are distinct.

Case (iii) n is even and m is odd

Let uq, Uy, ..., Uy, Vg, Vg o, Uy @aNd wy, Wy, ..., w; be the vertices and u,u,,
Uiljsy, 1=2,4,6,...,0-2, Up_1 Uy, UiUips, 1=1,3,5,...,0-3 , U, vy, V1V,, ViVjyg,
i=2,4,6,...n-2, v;v;,,,1=1,3,5,....,n-3, v,,_1v, ,w;_1w;, 1< i < t, be the edges of
KP(n,m,t).

Define a function f: V(KP(n,mt)) - {1,2,...,p+q} by
f(u,) =1.
f(w;) =2i, i=2,4,6,....n.
f(us) = f(u,) +4.
f(u;) = f(u;_,) + 4,i=5,7,9,....,n-1.
f(w,) = f(u,)
f(w;) =f(w;_,) + 2,i=2,3,4,....t.
f(vy) = f(w,)
f(v,)=f(v,) +4.
f(v;)=f(v,) +3.
f(v,) =f(v,_,) + 4, i=4,5,6,7,9,...m-2, im—1.
f(v,—1)=f(v,,_3) +5.

Then the edge labels are distinct.
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Case (iv) nis odd and m is even

Let uy, Uy, .., Uy, Vy,Vq, ..., Uy aNd wy, wy, ..., w; be the vertices and u,u,,
UilUiyy, 1=2,4,6,...,0-3, Up_1 Uy, UiUi4p,1=1,3,5,....0-2 , u, vy, V1V,, ViViyq,
i=2,4,6,....,n-3, v;v;,,,1=1,3,5,....n-2, v, _1v,, Ww;_1w; , 1 < i < t, be the edges of
KP(n,m,t).

Define a function f: V(KP(n,mt)) —={1,2,..., p+q} by
f(u,) =1.
f(u;) =2i, i=2,4,6,...,n-1.
f(u;) = f(u;_,) + 4,i=3,5,7,9,....,n-2.
f(u,) = f(up—1) +2.
f(w,) = f(u,)
f(w;) =f(w;_1) + 2,i=2,34,....t.
f(v,) = f(w,)
f(v,)=f(v,) +4.
f(v;)=f(v,) +3.
f(v;) =f(v;,_,) + 4, i=4,5,6,7,9,....m-1.
f(v,,)=f(v,,_,) +4.
Then the edge labels are distinct.

From case(i),(ii), (iii) and (iv), we conclude that Kayak Paddle graph KP(n,m,t) is
a Super Stolarsky-3 Mean graph.
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Example 2.8: Super Stolarsky-3 Mean labeling of Kayak Paddle graph KP(n,m,t)
is shown below.

uz U4

Super Stolarsky-3 Mean labeling of Kayak Paddle graphs KP(8,9,6) and KP(5,7,5)
are shown below.

18 20 22

Figure: 4
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3. CONCLUSION

In this paper we discussed some new results on Super Stolarsky-3 Mean Labeling of
graphs. The authors are of the opinion that the study of Stolarsky-3 Mean labeling
behavior of some new graphs using the graph operation shall be quite interesting and
also will lead to newer results.
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